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Zh vwxg| htxloleulxp uhwhqwlrq uxohv lq d g|qdplf frpprq djhqf| jdph1 Wkh
ghflvlrq wr uhdssrlqw ru qrw lv pdgh e| d frpplwwhh frqvlvwlqj ri wzr sulqflsdov=
wkh uhwhqwlrq ghflvlrq lv xqfhuwdlq li wkh wzr sulqflsdov glvdjuhh1 Zh ghprqvwudwh
wkdw doo htxloleulxp sdwkv h{klelw zkdw zh fdoo vwudwhjlf frqvhqvxv= wkh djhqw wdnhv
dfwlrqv wkdw vdwlvi| wkh shuirupdqfh vwdqgdugv ri doo sulqflsdov rq wkh rqh kdqg/ dqg
doo sulqflsdov orzhu wkhlu vwdqgdugv vxfk wkdw wkh djhqw zdqwv wr vdwlvi| wkhp rq wkh
rwkhu1 Wklv uhvxow dssolhv erwk wr hfrqrplhv zlwk vxe0 dqg vxshu0dgglwlyh frvwv ri
surylglqj xwlolwlhv wr wkh sulqflsdov1
Nh|zrugv= Frpprq djhqf|/ uhwhqwlrq uxohv dqg xqfhuwdlqw|1
MHO fodvvlfdwlrq= F:/ G;3/ P851
L1 Lqwurgxfwlrq
Wklv sdshu vwxglhv d g|qdplf frpprq djhqf| jdph1 Wzr sulqflsdov ghohjdwh vrph
wdvn wr d frpprq djhqw zkr kdv dq lqfhqwlyh wr glyhuw uhvrxufhv1 Wkh rqo| lqfhq0
wlyh lqvwuxphqw dydlodeoh wr wkh sulqflsdov lv wkh ghflvlrq wr uhdssrlqw wkh djhqw ru
qrw1 Wklv ghflvlrq lv pdgh e| d frpplwwhh frqvlvwlqj ri wkh sulqflsdov1 Hdfk sulqfl0
sdo vxssruwv uhdssrlqwphqw li/ dqg rqo| li/ wkh djhqw kdv vdwlvhg d suh0dqqrxqfhg
shuirupdqfh vwdqgdug1 Lpsruwdqwo|/ wkh frpplwwhh ghflvlrq lv xqfhuwdlq li wkh wzr
sulqflsdov glvdjuhh derxw uhdssrlqwlqj wkh djhqw= zh uhihu wr wklv dv jryhuqdqfh
xqfhuwdlqw|1 Jryhuqdqfh xqfhuwdlqw| dulvhv iru d qxpehu ri uhdvrqv1 Iluvw/ zkhuh
ghflvlrq0pdnlqj lv jryhuqhg e| vlpsoh uxohv vxfk dv wkh pdmrulw| uxoh/ jryhuqdqfh
xqfhuwdlqw| lv uhodwhg wr udqgrp wxuqrxw e| wkh sulqflsdov1 Wklv lqwhusuhwdwlrq lv
qdwxudo li zh wklqn ri wkh wzr sulqflsdov dv glhuhqw jurxsv ri yrwhuv dqg wkh djhqw dv
dq hohfwhg srolwlfldq1 Vhfrqg/ lq pdq| fdvhv/ frpplwwhh ghflvlrqv duh pdgh ehklqg
forvhg grruv/ dqg rxwfrphv ghshqg rq d ydulhw| ri xqsuhglfwdeoh idfwruv1 Wklv lqwhu0
suhwdwlrq lv qdwxudo lq uhodwlrq wr surprwlrq ghflvlrqv lq rujdql}dwlrqv lq zklfk vxfk
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ghflvlrqv duh qrw jryhuqhg e| uxohv exw e| srzhu uhodwlrqvklsv1 Surprwlrq ghflvlrqv
lq xqlyhuvlw| ghsduwphqwv pljkw eh rqh h{dpsoh ri wklv1
Zh vd| wkdw d vhtxhqfh ri shuirupdqfh vwdqgdugv glvsod|v vwudwhjlf frqvhqvxv li
wkh djhqw suhihuv wr phhw erwk vwdqgdugv dw doo wlphv/ erwk sulqflsdov vxssruw klv
uhdssrlqwphqw/ dqg kh lv uhdssrlqwhg zlwk fhuwdlqw|1 Wkxv/ dq htxloleulxp zlwk
vwudwhjlf frqvhqvxv lqvxuhv wkh djhqw djdlqvw udqgrp frpplwwhh ghflvlrqv/ dqg vlp0
loduo| lqvxuhv hdfk sulqflsdo djdlqvw sduwlvdq rxwfrphv zkhuhe| wkh djhqw vhhnv
wr sohdvh wkh rwkhu sulqflsdo rqo|1 Wkh txhvwlrq lv zkhwkhu vwudwhjlf frqvhqvxv fdq
dulvh dw vxejdph shuihfw Qdvk htxloleulxp1 Wkh pdlq uhvxow ri wkh sdshu lv wkdw
wkhuh duh srvvleo| pdq| htxloleulxp sdwkv exw doo ri wkhp glvsod| vwudwhjlf frq0
vhqvxv1 Lpsruwdqwo|/ wklv uhvxow lv wuxh lqghshqghqwo| ri zkhwkhu wkh frvw ixqfwlrq/
zklfk ghqhv wkh frvw wr wkh djhqw ri surylglqj xwlolw| ohyhov wr wkh wzr sulqflsdov/
lv vxe0 ru vxshu0dgglwlyh1 Zkloh lw pljkw eh h{shfwhg wkdw vxe0dgglwlyh frvwv zrxog
ohdg wr vwudwhjlf frqvhqvxv vlpso| ehfdxvh lw lv fkhdshu iru wkh djhqw wr vdwlvi| wkh
shuirupdqfh vwdqgdugv mrlqwo| wkdq vhsdudwho|/ lw lv vxusulvlqj wkdw wkh vdph uhvxow
rewdlqv zlwk vxshu0dgglwlyh frvwv/ zkhuh lw lv pruh frvwo| wr jhqhudwh xwlolwlhv mrlqwo|
wkdq vhsdudwho|1 Xqfhuwdlqw| uhjduglqj wkh uhdssrlqwphqw ghflvlrq lv qhfhvvdu| iru
vwudwhjlf frqvhqvxv wr dulvh dw htxloleulxp1 Li rqh sulqflsdo lv dozd|v ghflvlyh/ wkhq
doo htxloleulxp sdwkv zrxog glvsod| sduwlvdq rxwfrphv dqg wkh djhqw zrxog rqo|
surylgh xwlolw| wr wkh ghflvlyh sulqflsdo1
Rxu prgho lv uhodwhg wr rwkhu frpprq djhqf| prghov lq wkh olwhudwxuh/ vxfk dv
Ehuqkhlp dqg Zlqvwrq +4<;9,/ Gl{lw hw do1 +4<<:,/ dqg Ehujhpdqq dqg Yçolpçnl
+5336,1 D nh| glhuhqfh lv wkdw wkh sulqflsdov lq rxu prgho rqo| kdyh rqh frqwuro
lqvwuxphqw dw wkhlu glvsrvdo  wkh uhwhqwlrq uxoh  dqg/ pruh lpsruwdqwo|/ jryhuqdqfh
xqfhuwdlqw| suhyhqwv wkhp iurp dsso|lqj wklv wrro zlwk fhuwdlqw|= wkh frqvhqw ri
erwk lv qhhghg wr vhfxuh uhdssrlqwphqw zlwk fhuwdlqw|1 Wkxv/ iurp wkh srlqw ri
ylhz ri wkh djhqw/ wkh sulqflsdov duh qrw shuihfw vxevwlwxwhv dqg wkdw lv zkdw
suhyhqwv Ehuwudqg0olnh xqghuelgglqj lq rxu vhwwlqj1 Rqh frqvhtxhqfh ri wklv lv wkdw
wkh sulqflsdov/ lq frqwudvw wr/ iru h{dpsoh/ Gl{lw hw do1 +4<<:,/ duh deoh wr uhwdlq
sduw ri wkh vxusoxv hyhq li wkh frvw ixqfwlrq lv dgglwlyh1 Rxu prgho lv dovr uhodwhg
wr wkh zrun e| Edqnv dqg Vxqgdudp +4<<6/ 4<<;, dqg rwkhuv rq uhwhqwlrq uxohv lq
djhqf| sureohpv zlwk rqh orqj0olyhg sulqflsdo dqg d vhulhv ri vkruw0olyhg djhqwv1 Zh
dgg wr wklv olwhudwxuh e| vkrzlqj wkdw htxloleulxp uhwhqwlrq uxohv zlwk wzr sulqflsdov
glvsod| vwudwhjlf frqvhqvxv1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq LL/ zh suhvhqw wkh prgho
dqg glvfxvv wkh pdlq dvvxpswlrqv uhjduglqj jryhuqdqfh xqfhuwdlqw| dqg wkh surs0
huwlhv ri wkh frvw ixqfwlrq1 Lq vhfwlrq LLL/ zh vwdwh dqg suryh wkh pdlq uhvxow derxw
vwudwhjlf frqvhqvxv +Wkhruhp 4,1 Lq vhfwlrq LY/ zh h{soruh wkh lpsolfdwlrqv ri Wkh0
ruhp 41 Zh vkrz wkdw wkhuh h{lvw pdq| srvvleoh htxloleulxp xwlolw| doorfdwlrq zlwk
vxe0dgglwlyh frvwv +Sursrvlwlrq 4,/ zkloh wkh xwlolw| doorfdwlrq/ xqghu vrph plog dggl0
wlrqdo dvvxpswlrqv/ lv xqltxh zlwk vxshu0dgglwlyh frvwv +Sursrvlwlrq 5,1 Sursrvlwlrq
6 ghprqvwudwhv wkdw jryhuqdqfh xqfhuwdlqw| lv qhfhvvdu| iru vwudwhjlf frqvhqvxv1 Lq
vhfwlrq Y/ zh eulh | glvfxvv d srolwlfdo hfrqrp| dssolfdwlrq1
LL1 Wkh Prgho
Zh frqvlghu d g|qdplf frpprq djhqf|1 Wlph lv glvfuhwh dqg rshq hqghg/ | ’ fc c 1
Wzr sulqflsdov + ’ c 2, ghohjdwh d wdvn ru d qxpehu ri wdvnv wr d frpprq djhqw
hdfk shulrg1 Wkh djhqw + ’ f, kdv dq lqfhqwlyh wr glyhuw uhvrxufhv dzd| iurp wkh
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wdvn/ dqg wkh wzr sulqflsdov qhhg wr surylgh dssursuldwh lqfhqwlyhv wr dyrlg wklv1
Wkh rqo| lqfhqwlyh lqvwuxphqw dydlodeoh wr wkh sulqflsdov lv wkh ghflvlrq zkhwkhu wr
uhdssrlqw wkh djhqw ru wr uhsodfh klp zlwk vrphrqh hovh1 Zh ghqrwh shu shulrg
xwlolwlhv e| |1 Doo xwlolwlhv duh glvfrxqwhg zlwk wkh glvfrxqw udwh q 5 Efc  dqg
olih0wlph xwlolw| lv jlyhq e|
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|'f
q||(  5 ifc c 2j
Hdfk shulrg/ wkh djhqw kdv dffhvv wr d srro ri uhvrxufhv -1 Vrph ri wkhvh kh pd|
xvh wr surylgh xwlolw| wr wkh wzr sulqflsdov> wkh uhvw kh nhhsv iru klpvhoi1 Ghqrwlqj
wkh frvw ri surylglqj xwlolw| wr wkh sulqflsdov e| S|/ zh fdq zulwh wkh djhqw*v sd|r
lq shulrg | dv
f| ’ - S|
li dssrlqwhg dqg f| ’ f rwkhuzlvh1 Lw lv fohdu wkdw/ devhqw ixuwkhu lqfhqwlyhv/ wkh
djhqw zrxog zdqw wr fkrrvh S| ’ f1
Dq lpsruwdqw ihdwxuh ri wkh prgho lv wkh frvw ixqfwlrq1 Wkh frvw ixqfwlrq/
E%|c %2|/ vkrzv wkh plqlpxp frvw ri surylglqj xwlolwlhv |  %| dqg 2|  %|
wr sulqflsdo  dqg 2/ uhvshfwlyho|/ dw wlph |/ zkhuh E%|c %2| 5 ?
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1 Zh dvvxph wkdw
E%| ’ E%|c f/ 2E%2| ’ Efc %2|/ dqg Efc f ’ Ef ’ fc  ’ c 21 Lq wkh
dqdo|vlv/ zh pdnh xvh ri wkh iroorzlqj dgglwlrqdo dvvxpswlrqv1
Dvvxpswlrq 4 Wkh frvw ixqfwlrq lv prqrwrqlfdoo| lqfuhdvlqj lq hdfk dujxphqw/
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Dvvxpswlrq 6 Wkh frvw ixqfwlrq lv vxe0dgglwlyh
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Dvvxpswlrq 4 vd|v wkdw wkh djhqw fdqqrw gholyhu kljkhu xwlolwlhv wr wkh sulqflsdov
zlwkrxw lqfxuulqj dgglwlrqdo frvwv1 Dvvxpswlrq 5 vd|v wkdw wkh frvw ixqfwlrq fdqqrw
kdyh mxpsv dqg uxohv rxw {hg frvwv1 Erwk ri wkhvh dvvxpswlrqv fdq eh uhod{hg1
Dvvxpswlrqv 6 dqg 7 vshfli| zkhwkhu lw lv fkhdshu ru pruh h{shqvlyh wr surylgh
xwlolw| wr wkh sulqflsdov mrlqwo| ru vhsdudwho|1 Erwk fdvhv duh frpprq lq sudfwlfdo
dssolfdwlrqv1 Rqh looxvwudwlyh h{dpsoh lv surprwlrq ghflvlrqv zlwklq d xqlyhuvlw|
ghsduwphqw1 Riwhq wkh vhqlru idfxow| lv vsolw ehwzhhq wkrvh wkdw sulrulwl}h whdfklqj
dqg wkrvh wkdw sulrulwl}h uhvhdufk1 Mxqlru idfxow| phpehuv +wkh djhqw, fdq wkhq
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ghyrwh wkhlu wlph dqg hruw wr whdfklqj dqg2ru uhvhdufk1 Wkh frvw ixqfwlrq lv vxe0
dgglwlyh li h{fhoohqfh lq whdfklqj pdnhv lw hdvlhu wr surgxfh h{fhoohqw uhvhdufk dqg ylfh
yhuvd1 Wkh frvw ixqfwlrq lv vxshu0dgglwlyh li/ rq wkh rwkhu kdqg/ dfklhylqj h{fhoohqfh
lq whdfklqj pdnhv lw kdughu wr dovr dfklhyh h{fhoohqfh lq uhvhdufk dqg ylfh yhuvd1
Zh dvvxph wkdw wkh uhdssrlqwphqw ghflvlrq lv pdgh e| d frpplwwhh frqvlvwlqj ri
wkh wzr sulqflsdov1 Wkh frpplwwhh phhwv dw wkh hqg ri hyhu| shulrg wr ghflgh li wkh
djhqw lv uhdssrlqwhg ru qrw1 Ehiruh hdfk phhwlqj/ wkh wzr sulqflsdov lqghshqghqwo|
dqqrxqfh shuirupdqfh vwdqgdugv vshfli|lqj krz pxfk xwlolw| wkh djhqw qhhgv wr
jhqhudwh iru hdfk ri wkhp wr jdlq wkhlu vxssruw dw wkh phhwlqj1 Zh gr qrw qhhg wr
vshfli| wkh ghwdlov ri krz wkh frpplwwhh uhdfkhv ghflvlrqv1 Wkh iroorzlqj dvvxpswlrqv
duh vx!flhqw iru rxu sxusrvhv1 Li erwk sulqflsdov djuhh wkdw wkh djhqw vkrxog hlwkhu
eh uhwdlqhg ru glvplvvhg/ wkh rxwfrph ri wkh phhwlqj lv fohdu= wkh djhqw lv hlwkhu
uhwdlqhg ru glvplvvhg1 Lq frqwudvw/ li wkh wzr sulqflsdov glvdjuhh/ wkh rxwfrph lv qrw
fohdu dqg ghshqgv rq pdq| idfwruv/ prvw ri zklfk duh kdug iru wkh djhqw wr suhglfw
h{ dqwh1 Zh fdswxuh wklv e| lqwurgxflqj wkh iroorzlqj dvvxpswlrq1
Dvvxpswlrq 8 +Jryhuqdqfh Xqfhuwdlqw|, Vxssrvh wkh wzr sulqflsdov glvdjuhh
derxw zkhwkhu ru qrw wkh djhqw vkrxog eh uhdssrlqwhg1 Wkh h{0dqwh suredelolw| wkdw
sulqflsdo  EE2 lv ghflvlyh lq wkh vhqvh wkdw klv suhihuhqfh ehfrphv wkdw ri wkh frp0
plwwhh lv htxdo wr R EE R1 Zh dvvxph wkdw R 5 Efc  lv frqvwdqw ryhu wlph1
Wkh dvvxpswlrq lpsolhv wkdw wkh djhqw fdq vhfxuh uhdssrlqwphqw zlwk fhuwdlqw|
rqo| e| vdwlvi|lqj wkh shuirupdqfh vwdqgdugv ri erwk sulqflsdov> e| vdwlvi|lqj rqh
vwdqgdug dorqh/ wkh djhqw uxqv wkh ulvn ri qrw ehlqj uhdssrlqwhg1 Lq d vhqvh/ xqfhu0
wdlqw| lq uhzdugv dulvhv iurp xqfhuwdlqw| derxw zklfk ri wkh wzr sulqflsdov zloo kdyh
wkh fdvwlqj yrwh/ ru qdo vd|/ lq wkh rqo| uhzdug dydlodeoh= uhdssrlqwphqw1 Wkhuh
lv qr djjuhjdwh xqfhuwdlqw|/ dv rqh ri wkh sulqflsdov zloo kdyh wkh fdvwlqj yrwh iru
vxuh1 Iru wklv uhdvrq/ lw lv vx!flhqw wr ghdo zlwk R udwkhu wkdq vshfli|lqj R dqg R2/
zkhuh R lv wkh suredelolw| wkdw sulqflsdo  lv ghflvlyh1
Wkh jdph ehwzhhq wkh djhqw dqg wkh wzr sulqflsdov xqirog ryhu wlph dv iroorzv1
Dw wkh ehjlqqlqj ri hdfk shulrg/ wkh wzr sulqflsdov dqqrxqfh wkh shuirupdqfh vwdq0
gdugv wkdw wkh djhqw qhhg wr vdwlvi| wr jhw wkhlu vxssruw dw wkh qh{w phhwlqj1 Wkh
vwdqgdugv duh fkrvhq e| wkh wzr sulqflsdov qrq0frrshudwlyho| dqg vlpxowdqhrxvo|
dqg duh ghqrwhg %| ’ E%|c %2|1 Wkh djhqw revhuyhv wkh vwdqgdugv dqg ghwhuplqhv
zkhwkhu wr frpso|/ dqg li vr/ krz pdq| vwdqgdugv wr phhw1 Zh ghqrwh wkh vhw ri
dfwlrqv dydlodeoh wr wkh djhqw e|  ’ iEffc Efc Efc Ej zlwk hohphqwv @| ’ Eff
+phhw qhlwkhu vwdqgdug,> @| ’ Ef +phhw sulqflsdo 4*v vwdqgdug rqo|,> @| ’ Ef
+phhw sulqflsdo 5*v vwdqgdug rqo|,> dqg @| ’ E +phhw erwk vwdqgdugv,1 Dw wkh
hqg ri wkh shulrg/ d qhz phhwlqj lv khog dqg d ghflvlrq uhjduglqj uhdssrlqwphqw lv
pdgh1 Wkh ghflvlrq lv edvhg rq wkh revhuyhg xwlolw| jhqhudwhg e| wkh dfwlrq wdnhq e|
wkh djhqw uhodwlyh wr wkh shuirupdqfh vwdqgdugv dqqrxqfhg dw wkh ehjlqqlqj ri wkh
shulrg1 Li wkhuh lv djuhhphqw/ wkh rxwfrph ri wkh phhwlqj iroorzv iurp wklv> lq fdvh
ri glvdjuhhphqw/ wkh rxwfrph lv ghwhuplqhg e| R1 Li wkh djhqw lv qrw uhdssrlqwhg/ kh
lv uhsodfhg e| dqrwkhu vlplodu djhqw1 Diwhu wkh phhwlqj/ wkh jdph frqwlqxhv wr wkh
qh{w shulrg zkhuh d vlplodu vhtxhqfh ri hyhqwv wdnhv sodfh1
Irupdoo|/ wkh jdph ghvfulehg deryh lv d g|qdplf jdph zlwk devruelqj vwdwhv
dqg shuihfw lqirupdwlrq1 Wkh qdwxudo vroxwlrq frqfhsw lv vxejdph shuihfw Qdvk
htxloleulxp1 Vwudwhjlhv lq d vxejdph shuihfw Qdvk htxloleulxp fdq ghshqg lq frpsoh{
zd|v rq wkh klvwru| ri wkh zkroh jdph1 Zh uhvwulfw dwwhqwlrq wr vwdwlrqdu| htxloleuld=
vxejdph shuihfw Qdvk htxloleuld zkhuh vwudwhjlhv ghshqg rqo| rq zlwklq wkh shulrg
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klvwrulhv1 Zkhuh zh uhihu wr vwdwlrqdu| htxloleulxp lq zkdw iroorzv wklv lv zkdw
zh phdq1 Lq dgglwlrq wr wklv/ zh qhhg wr vshfli| krz wlhv duh eurnhq1 Zh dvvxph
wkdw wkh djhqw li lqglhuhqw ehwzhhq wzr ru pruh dfwlrqv +zklfk duh wkhq suhihuuhg
wr wkh uhpdlqlqj rqhv, fkrrvhv wkh dfwlrq wkdw pd{lpl}hv uhdssrlqwphqw fkdqfhv17
Zh fdq prwlydwh wklv wlh0euhdnlqj uxoh e| vd|lqj wkdw wkh djhqw kdv oh{lfrjudsklf
suhihuhqfhv1 Kh fduhv derxw wkh h{shfwhg uhqw jhqhudwhg e| nhhslqj klv dssrlqwphqw
dqg fkrrvhv dfwlrqv dffruglqjo|/ exw zkhq wzr dfwlrqv |lhog wkh vdph xwlolw|/ kh
suhihuv wr wdnh wkh dfwlrq wkdw pd{lpl}hv uhdssrlqwphqw fkdqfhv1 Dowhuqdwlyho|/ zh
frxog dvvxph wkdw wkh djhqw vlpso| slfnv dfwlrq @| ’ E li lqglhuhqfh ehwzhhq
wklv dqg dq| ri wkh rwkhu wkuhh dfwlrqv dqg wkdw kh dozd|v jrhv zlwk/ vd|/ sulqflsdo
/ li lqglhuhqfh ehwzhhq @| ’ Ef dqg @| ’ Ef1 Wklv dqg rwkhu vlplodu uxohv
zrxog |lhog wkh vdph rxwfrphv1 Wkxv/ wkhuh lv qrwklqj vshfldo derxw wkh pd{lpl}h
uhhohfwlrq fkdqfhv uxoh= lw vlpso| ghwhuplqhv krz wkh wlh lv eurnhq lq hdfk fdvh1
LLL1 Vwudwhjlf Frqvhqvxv
Zh fdq qrz vwdwh wkh pdlq Wkhruhp1 Lw ghprqvwudwhv wkdw doo vwdwlrqdu| htxloleulxp
sdwkv glvsod|v vwudwhjlf frqvhqvxv= wkh djhqw suhihuv wr phhw erwk vwdqgdugv dw
doo wlphv/ erwk sulqflsdov vxssruw klv uhdssrlqwphqw/ dqg kh lv uhdssrlqwhg zlwk
fhuwdlqw|1
Wkhruhp 4 +Vwudwhjlf Frqvhqvxv, Dvvxph wkdw q 5 Efc 1 Ohw %| ’ E%|c %2|
eh d sdlu ri shuirupdqfh vwdqgdugv vhw e| wkh wzr sulqflsdov iru shulrg | dqg ghqh
f ’ i%|j
"
|'f dv d vhtxhqfh ri vxfk vwdqgdugv1 Ohw @
W
| eh wkh dfwlrq lpsohphqwhg e|
wkh djhqw lq shulrg |> ghqh Tf|E@| dv wkh djhqw*v sd|r1
41 D vwdwlrqdu| vxejdph shuihfw Qdvk htxloleulxp h{lvwv1
51 Vxssrvh E/ Ek dqg En krog1 Dorqj dq| vwdwlrqdu| htxloleulxp sdwk/ f
vdwlvhv
E5n Tf|E ’ Tf|Eff  4@ iTf|Efc Tf|Efj
Dq| vhtxhqfh f vdwlvi|lqj E5n lv d vwdwlrqdu| vxejdph shuihfw Qdvk htxl0
oleulxp lq shuirupdqfh vwdqgdugv1 Dorqj dq| vwdwlrqdu| htxloleulxp sdwk/ wkh
djhqw fkrrvhv @W| ’ E dw hyhu| | dqg kh lv uhdssrlqwhg iru vxuh1
61 Vxssrvh E/ Ek dqg E3 krog1 Dorqj dq| vwdwlrqdu| htxloleulxp sdwk/ f
vdwlvhv
E53 Tf|E ’ Tf|Ef ’ Tf|Ef : Tf|Eff
Dq| vhtxhqfh f vdwlvi|lqj E53 lv d vwdwlrqdu| vxejdph shuihfw Qdvk htxl0
oleulxp lq shuirupdqfh vwdqgdugv1 Dorqj dq| vwdwlrqdu| htxloleulxp sdwk/ wkh
djhqw fkrrvhv @W| ’ E dw hyhu| | dqg kh lv uhdssrlqwhg iru vxuh1
Fruroodu| 4 Hyhu| vwdwlrqdu| vxejdph shuihfw Qdvk htxloleulxp sdwk glvsod|v vwudwh0
jlf frqvhqvxv dw hdfk |1
7
Iru s @ 4
5
/ zh dvvxph wkdw kh fkrrvhv d
w
@ +43, li Y3w+43, @ Y3w+34, A pd{^Y3w+44,> Y3w+33,`1
8
Zh suryh wkh Wkhruhp zlwk d vhulhv ri Ohppdv1 Zh ehjlq e| lqwurgxflqj vrph
qrwdwlrq1 Ghqrwh iru hdfk dfwlrq @| 5 / wkh djhqw*v sd|r e| Tf|E@| dqg zulwh
Tf|Eff ’ -( +4,
Tf|Ef ’ - E%| n RqT|n( +5,
Tf|Ef ’ - 2E%2| n E RqT|n( +6,
Tf|E ’ - E%|c %2| n qT|n +7,
zkhuh T|n : f lv wkh ydoxh ri ehlqj uhdssrlqwhg dw wlph |n 1 Qrwh wkdw wkh djhqw
lv rqo| uhdssrlqwhg zlwk vrph suredelolw| +R ru  R, li kh fkrrvhv wr eh sduwlvdq
dqg vdwlvi| rqh ri wkh vwdqgdugv rqo|1
Qrz/ vxssrvh/ lq vrph shulrg |/ wkdw wkh wzr sulqflsdov dqqrxqfh wkh vwdqgdugv
%| ’ i%|c %2|j1 Jlyhq wkhvh vwdqgdugv/ wkh djhqw fkrrvhv dq dfwlrq iurp wkh vhw
i@| 5  G @h}4@ @|M Tf|E@|j1 Li wkh djhqw lv lqglhuhqw ehwzhhq wzr ru pruh
dfwlrqv lq wklv vhw/ kh fkrrvhv wkh dfwlrq wkdw pd{lpl}hv uhdssrlqwphqw fkdqfhv dv
glvfxvvhg deryh1 Wklv lv dqwlflsdwhg e| wkh wzr sulqflsdov zkhq wkh|/ vlpxowdqhrxvo|/
vhw wkhlu vwdqgdugv dw wkh ehjlqqlqj ri wkh shulrg1 Zlwk wkhvh suholplqdu| uhpdunv
zh fdq vwdwh wkh uvw Ohppd1
Ohppd 5 Vxssrvh wkdw do dqg dko krog1 Li wkh shuirupdqfh vwdqgdugv %| ’
i%|c %2|j frqvwlwxwh d vxejdph shuihfw Qdvk htxloleulxp dw wlph |/ wkhq %| pxvw vdwlvi|
E.f Tf|E  4@ iTf|Efc Tf|Efc Tf|Effj
Surri= Zh dujxh e| frqwudglfwlrq1 Vxssrvh wkdw h%| ’ ih%|c h%2|j frqvwlwxwhv d
vwdwlrqdu| vxejdph shuihfw Qdvk htxloleulxp lq shuirupdqfh vwdqgdugv dqg wkdw
Tf|E 	 4@ iTf|Efc Tf|Efc Tf|Effj
dw wlph |1 Wkhuh duh irxu vhsdudwh fdvhv wr frqvlghu1 Zh vkrz lq hdfk fdvh wkdw dw
ohdvw rqh ri wkh wzr sulqflsdov kdv dq lqfhqwlyh wr ghyldwh iurp h%|/ ohdglqj wr wkh
uhtxluhg frqwudglfwlrq1
41 Vxssrvh wkdw
Tf|Ef ’ 4@ iTf|Efc Tf|Efc Tf|Effj : Tf|E
ru wkdw
Tf|Ef ’ Tf|Eff ’ 4@ iTf|Efc Tf|Efc Tf|Effj : Tf|E
Uhzulwh +5, dqg +7, wr jhw
Tf|Ef Tf|E ’ E%|c %2| E%|c f E RqT|n
E| ^‘ dqg ^k‘/ wkhuh pxvw h{lvw d %
2| : f vxfk wkdw
Eh%|c %2| Eh%|c f E RqT|n 	 f
Wklv lpsolhv wkdw sulqflsdo 2 fdq jdlq dw ohdvw %
2| : f e| dqqrxqflqj wkh
vwdqgdug %
2| lqvwhdg ri h%2|1
9
51 Vxssrvh lqvwhdg wkdw
Tf|Ef ’ 4@ iTf|Efc Tf|Efc Tf|Effj : Tf|E
ru wkdw
Tf|Ef ’ Tf|Eff ’ 4@ iTf|Efc Tf|Efc Tf|Effj : Tf|E
E| dq dujxphqw vlplodu wr wkh suhylrxv fdvh/ wkhuh pxvw h{lvw d %
| : f vxfk
wkdw
E%
|c h%2| Efc h%2| RqT|n 	 f
Wklv lpsolhv wkdw sulqflsdo  fdq jdlq dw ohdvw %
| : f e| dqqrxqflqj wkh
vwdqgdug %
| lqvwhdg ri h%|1
61 Vxssrvh wkdw
Tf|Eff ’ 4@ iTf|Efc Tf|Efc Tf|Effj : Tf|E
Uhzulwh htxdwlrqv +4, dqg +5, wr jhw
Tf|Eff Tf|Ef ’ E%|c f RqT|n
E| ^‘ dqg ^k‘/ wkhuh pxvw h{lvw d %
| : f vxfk wkdw
E%
|c f RqT|n 	 f
Wklv lpsolhv wkdw sulqflsdo  fdq dw ohdvw jdlq %
| : f e| dqqrxqflqj wkh
vwdqgdug %
| lqvwhdg ri h%|1 D vlplodu dujxphqw fdq eh pdgh iru sulqflsdo 2/
zkr fdq jdlq dw ohdvw %
2| : f1
71 Vxssrvh wkdw
Tf|Ef ’ Tf|Ef ’ 4@ iTf|Efc Tf|Efc Tf|Effj : Tf|E
ru
Tf|Ef ’ Tf|Ef ’ Tf|Eff : Tf|E
Zh qhhg wr frqvlghu wzr vxe0fdvhv1 Iluvw/ vxssrvh wkh djhqw fkrrvhv @| ’ Ef1
Zh fdq wkhq uhshdw wkh dujxphqw iurp fdvh  wr vkrz wkdw wkhuh h{lvwv d
ghyldwlrq iru sulqflsdo 21 Vhfrqg/ vxssrvh wkh djhqw fkrrvhv @| ’ Ef dqg zh
fdq uhshdw wkh dujxphqw iurp fdvh 2 wr vkrz wkdw wkhuh h{lvwv d ghyldwlrq iru
sulqflsdo 
Ohppd 6 D sdlu ri shuirupdqfh vwdqgdugv %| ’ E%|c %2| lv d vwdwlrqdu| vxejdph
shuihfw Qdvk htxloleulxp dw wlph | li/ dqg rqo| li
E, Tf|E ’ 4@ iTf|Efc Tf|Effj(
E,2 Tf|E ’ 4@ iTf|Efc Tf|Effj
:
Surri= Vxssrvh wkdw R  
2
1 Wkh +shu0shulrg, sd|r ri sulqflsdo  lv
| ’ %| u 4@ iTf|Ec Tf|Efj  4@ iTf|Efc Tf|Effj(
| ’ f L|ihti
Wkh shulrg sd|r ri sulqflsdo 2 lv
2| ’ %2| u
;?
=
Tf|E  4@ iTf|Efc Tf|Effc Tf|Efj
Tf|Ef : 4@ iTf|Efc Tf|Effc Tf|Ej
Tf|Ef ’ Tf|Eff : 4@ iTf|Efc Tf|Ej
(
2| ’ f L|ihti
Uhfdoo wkdw E%|c %2| dqg E%| duh prqrwrqlfdoo| lqfuhdvlqj lq wkhlu dujxphqwv
e| ^‘1 Vxssrvh wkdw h%| lv d +vwdwlrqdu| vxejdph shuihfw Qdvk, htxloleulxp1 Wkhq/
e| Ohppd 5/ +,f, lv vdwlvhg e| h%|1 Lw iroorzv wkdw wkh sd|r ri sulqflsdo  lv
pd{lpl}hg e| wkh vwdqgdug/ %|/ wkdw vdwlvhv +,,/ dqg wkdw wkh sd|r ri sulqflsdo
2 lv pd{lpl}hg e| wkh vwdqgdug/ %2|/ wkdw vdwlvhv +,2,1 Ilqdoo|/ qrwlfh wkdw li
+,, dqg +,2, duh vdwlvhg e| d vhw ri shuirupdqfh vwdqgdugv dw wlph |/ wkhq wkhvh
vwdqgdugv frqvwlwxwh d vwdwlrqdu| vxejdph shuihfw Qdvk Htxloleulxp1 Wklv frpsohwhv
wkh surri iru wkh fdvh zlwk R  
2
1 Wkh surri iru wkh fdvh zkhuh R 	 
2
lv vlplodu dqg
lv rplwwhg1
Wkh iroorzlqj wzr Ohppdv h{soruh wkh lpsolfdwlrqv ri dvvxpswlrqv En dqg
E3/ uhvshfwlyho|1
Ohppd 7 Frqglwlrqv E,/ E,2/ dqg En krog dw | li/ dqg rqo| li
Tf|E ’ Tf|Eff  4@ iTf|Efc Tf|Efj
Surri= Qrwh wkdw +n, lpsolhv wkdw
Efn Tf|E n Tf|Eff  Tf|Ef n Tf|Ef
dw dq| |1 Zh suryh wkh Ohppd e| frqwudglfwlrq1 Vxssrvh Tf|E : Tf|Eff1 Frqgl0
wlrq +,2, lpsolhv wkdw
Tf|E ’ Tf|Ef
Vxevwlwxwh lqwr +fn, wr jhw wkdw
Tf|Eff  Tf|Ef
Frpelqj wklv zlwk +,, |lhogv
Tf|E  Tf|Eff
Wklv lv d frqwudglfwlrq/ vr Tf|E fdqqrw eh juhdwhu wkdq Tf|Eff1 Lw iroorzv gluhfwo|
iurp +,, wkdw Tf|E fdqqrw eh vpdoohu wkdq Tf|Eff1 Ilqdoo|/ Tf|E ’ Tf|Eff
lv frpsdwleoh zlwk +fn,/ +,,/ dqg +,2, rqo| li Tf|Ef  Tf|Eff dqg Tf|Ef 
Tf|Eff1 
Wkh qh{w Ohppd frqvlghuv wkh fdvh ri vxshu0dgglwlyh frvwv
;
Ohppd 8 Frqglwlrqv E,/ E,2/ dqg E3 krog dw | li/ dqg rqo| li
Tf|E ’ Tf|Ef ’ Tf|Ef : Tf|Eff
Surri= Qrwh wkdw +3, lpsolhv wkdw
Ef3 Tf|E n Tf|Eff 	 Tf|Ef n Tf|Ef
dw dq| |1 Zh ehjlq e| surylqj wkdw Tf|E ’ Tf|Ef1 Wklv lv grqh e| frqwudglfwlrq1
Iluvw/ vxssrvh wkdw Tf|E : Tf|Ef1 +,2, lpsolhv wkdw
Tf|Eff : Tf|Ef
Frpelqlqj wklv zlwk +f3, lpsolhv wkdw
Tf|E 	 Tf|Ef
Krzhyhu/ +,, lpsolhv wkdw Tf|E  Tf|Ef1 Wklv lv d frqwudglfwlrq/ vr Tf|E
fdqqrw eh juhdwhu wkdq Tf|Ef1 Vhfrqg/ vxssrvh wkdw Tf|Ef : Tf|E1 +,2, lpsolhv
wkdw
Tf|E  Tf|Ef(
Wklv lv d frqwudglfwlrq/ dqg vr Tf|Ef fdqqrw eh juhdwhu wkdq Tf|E1 Zh frqfoxgh
wkdw Tf|Ef ’ Tf|E1 Wkh surri wkdw Tf|Ef ’ Tf|E lv vlplodu dqg rplwwhg1
Ilqdoo|/ Tf|E ’ Tf|Ef ’ Tf|Ef lv frpsdwleoh zlwk +f
3, rqo| li Tf|E ’
Tf|Ef ’ Tf|Ef : Tf|Eff
Wkh odvw Ohppd hvwdeolvkhv wkdw d vwdwlrqdu| vxejdph shuihfw htxloleulxp h{lvwv1
Ohppd 9 D vwdwlrqdu| vxejdph shuihfw htxloleulxp h{lvwv iru q 5 Efc o1
Surri= Vxssrvh uvw wkdw +n, krogv1 Lq wklv fdvh/ d vwdwlrqdu| htxloleulxp
	% ’ i	%c 	%2j vdwlvhv +5
n, dw hyhu| |1 Wklv lpsolhv
- E	%c 	%2
 q
’ -( +8,
dqg wkdw
-  4@ d
- E	%c f
E Rq
c
- Efc 	%2
E E Rq
o
Htxdwlrq +8, uhzulwhv dv
E	%c 	%2 ’ q-
Htxloleulxp ohyhov ri 	% vdwlvi|
E	%c 	%2 ’ q- +9,
dqg
-  4?d
E	%c f
Rq
c
Efc 	%2
E Rq
o +:,
<
Lw iroorzv iurp frqglwlrqv +n,/ +, dqg +g, wkdw wkhuh h{lvwv d vroxwlrq wr htxd0
wlrqv +9, dqg +:,1
Vxssrvh lqvwhdg wkdw +3, krogv1 Lq wklv fdvh/ d vwdwlrqdu| htxloleulxp 7% ’
i7%c 7%2j pxvw vdwlvi|
- E7%c 7%2
 q
’
- E7%c f
 Rq
+;,
dqg
- E7%c 7%2
 q
’
- Efc 7%2
 E Rq
+<,
dorqj zlwk
- E7%c 7%2
 q
: - +43,
Ghqh wkh txdqwlwlhv %c %2c %2c %22 dv vroxwlrqv wr htxdwlrqv +;, dqg +<, zkhq
% ’ f dqg %2 ’ f uhvshfwlyho|1 Wkhq/
- E%c f
 q
’
- E%c f
 Rq
(
- Efc %2
 q
’
-
 Rq
- E%2c f
 q
’
-
 E Rq
- Efc %22
 q
’
- Efc %22
 E Rq

Vroylqj wkhvh htxdwlrqv |lhogv
- ’ E%c f ’ Efc %22(
lq dgglwlrq/
%2  %(
dqg
%2  %22
zkhqhyhu q 5 Efc 1 Lw iroorzv wkdw d vroxwlrq wr htxdwlrqv +;, dqg +<, h{lvwv1
Dgglwlrqdoo|/ li 7% vdwlvhv htxdwlrqv +;, dqg +<, wkhq uhvwulfwlrq +43, krogv iru doo
q 5 Efc 1 Wr vkrz wkdw dq htxloleulxp h{lvwv iru doo q 5 Efc / uhzulwh +;, dqg +<,
dv
-w ’ E n wE7%c 7%2 E7%c f(
-# ’ E n #E7%c 7%2 Efc 7%2(
zkhuh w ’ E3Rq
3q
dqg # ’ Rq
3q
1 Dgglqj wkh wzr htxdwlrqv/ zh rewdlq
Ew n #E- E7%c 7%2 E7%c 7%2 ’ E7%c 7%2 E7%c f Efc 7%2 : f +44,
e| ^F0‘1 Qrwh dovr wkdw w n # ’ q
3q
dqg wkdw +44, lpsolhv
E7%c 7%2 	 q-
dv dvvxphg
43
LY1 Lqwhusuhwdwlrq dqg Lpsolfdwlrqv
Wkhruhp 4 vkrzv wkdw doo vwdwlrqdu| htxloleulxp sdwkv glvsod|v vwudwhjlf frqvhqvxv1
Frpshwlwlrq ehwzhhq wkh wzr sulqflsdov lpsolhv wkdw wkh shuirupdqfh vwdqgdugv duh
vx!flhqwo| orz wkdw wkh djhqw fkrrvhv wr phhw erwk wr jhw wkh uhdssrlqwphqw uhzdug
zlwk fhuwdlqw|1 Zkloh wklv rxwfrph/ shukdsv/ lv wr eh h{shfwhg zkhq wkh frvw ixqfwlrq
lv vxe0dgglwlyh dqg lw lv fkhdshu iru wkh djhqw wr vdwlvi| wkh vwdqgdugv mrlqwo| wkdq
vhsdudwho|/ lw lv vxusulvlqj wkdw wkh vdph uhvxow rewdlqv zlwk vxshu0dgglwlyh frvwv1
Lq wklv fdvh/ wkh idfw wkdw lw lv pruh h{shqvlyh wr vdwlvi| wkh vwdqgdugv mrlqwo| wkdq
vhsdudwho| vxjjhvwv wkdw sduwlvdq rxwfrphv zrxog eh pruh olnho|1 Wklv lqwxlwlrq
lv zurqj iru wkh iroorzlqj uhdvrq1 Zkhqhyhu wkh djhqw lv zloolqj wr lpsohphqw d
sduwlvdq rxwfrph/ rqh ri wkh sulqflsdov zrxog uhfhlyh }hur sd|r dqg kdyh dq
lqfhqwlyh wr suhyhqw wklv iurp kdsshqlqj1 E| uhgxflqj klv vwdqgdug/ kh fdq lqgxfh
wkh djhqw wr lpsohphqw d sduwlvdq rxwfrph lq klv idyru1 Wklv orjlf frqwlqxhv xqwlo
wkh vwdqgdugv duh vxfk wkdw wkh djhqw lv mxvw zloolqj wr lpsohphqw @| ’ E dqg wkh
uhvxow lv vwudwhjlf frqvhqvxv1
Dowkrxjk doo vwdwlrqdu| htxloleulxp sdwkv glvsod|v vwudwhjlf frqvhqvxv/ wkh glv0
wulexwlrq ri sd|rv ghshqgv fulwlfdoo| rq wkh surshuwlhv ri wkh frvw ixqfwlrq1 Zh
h{soruh wklv lq d vhulhv ri sursrvlwlrqv dqg fruroodulhv/ prvw ri zklfk iroorz gluhfwo|
iurp Wkhruhp 41 Wkh uvw sursrvlwlrq xqsdfnv frqglwlrq +5n, dqg vkrzv krz
wkh vxusoxv ri wkh djhqf| lv glylghg ehwzhhq wkh wzr sulqflsdov dqg wkh djhqw lq dq
hfrqrp| zlwk vxe0dgglwlyh frvwv1
Sursrvlwlrq 4 +Vxe0dgglwlyh Frvwv, Frqglwlrq E5n lv htxlydohqw wr
E5n

 E%|c %2| ’ q-(
E5n
2
 E%|  qR-(
E5n

 2E%2|  qE R-
Dorqj doo vwdwlrqdu| htxloleulxp sdwkv/ wkh djhqw uhfhlyhv sd|rv Eq- shu shulrg1
Surri= Wkh ydoxh ri dssrlqwphqw vwduwlqj iurp dq| shulrg | lv Tf| ’ 4@ dTf|Efc Tf|Efc Tf|E
Zh rewdlq iurp Ohppd 7 dqg htxdwlrq +4, wkdw Tf| ’ Tf|Eff ’ -1 Wklv lpsolhv
wkdw
Tf|n ’ -
Zh rewdlq/ iurp Wkhruhp 4 dqg htxdwlrqv +4, wr +7,/ wkdw
Tf|E ’ Tf|Eff, E%|c %2| ’ q-(
dqg wkdw
Tf|Eff  Tf|Ef, E%|  qR-(
Tf|Eff  Tf|Ef, 2E%2|  qE R-
Wkh djhqw*v shu shulrg sd|r lv - E%|c %2| ’ E q-
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Fruroodu| 5 +Dgglwlyh Frvwv, Vxssrvh E%|c %2| ’ E%|n2E%2|1 Wkhq/ wkh
djhqf| kdv d xqltxh vwdwlrqdu| htxloleulxp/ %| ’ %
W

dqg %2| ’ %
W
2
/ zlwk
E%
W

 ’ qR-(
2E%
W
2
 ’ qE R-
Lq hfrqrplhv zlwk vxe0dgglwlyh frvwv/ wkh lqglhuhqfh frqglwlrq Tf|E ’ Tf|Eff
ghwhuplqhv krz wkh vxusoxv ri wkh djhqf| lv vsolw ehwzhhq wkh djhqw dqg wkh wzr sulq0
flsdov frpelqhg1 Wkh djhqw dozd|v jhwv E  q- shu shulrg/ zkloh wkh uhpdlqlqj
vkduh ri uhvrxufhv/ q-/ lv ghyrwhg wr wkh wdvn ri jhqhudwlqj xwlolwlhv wr wkh wzr sulqfl0
sdov/ zkr/ lq wkh djjuhjdwh/ uhfhlyh xwlov fruuhvsrqglqj wr dw ohdvw q-1 Lpsruwdqwo|/
wklv glvwulexwlrq ri uhvrxufhv lv xqdhfwhg e| xqfhuwdlqw|1 Wkxv/ vwudwhjlf frqvhqvxv
surylghv wkh djhqw zlwk ixoo lqvxudqfh djdlqvw udqgrp dssrlqwphqw ghflvlrqv1
Vwudwhjlf frqvhqvxv dovr surylghv hdfk sulqflsdo zlwk lqvxudqfh djdlqvw sduwl0
vdq fkrlfhv1 Fruroodu| 5 ghprqvwudwhv wkdw wklv lqvxudqfh lv dfwxduldoo| idlu zkhq
wkh frvw ixqfwlrq lv dgglwlyh1 Sulqflsdo  zrxog jhw %WW

vdwlvi|lqj E%
WW

 ’ q- li
R ’ > vlploduo|/ sulqflsdo 2 zrxog jhw %WW
2
vdwlvi|lqj 2E%
WW
2
 ’ q- li R ’ f1 Wkhlu
htxloleulxp sd|rv dfklhyh wkh h{shfwhg frvw ri ehvw dqg zruvw +jhwwlqj f, rxwfrphv1
Zkhq wkh frvw ixqfwlrq lv vxe0dgglwlyh/ Sursrvlwlrq 4 vkrzv wkdw wkh dfwxduldoo| idlu
sd|rv ghqh d orzhu erxqg rq wkh sd|rv uhfhlyhg/ lq htxloleulxp/ e| hdfk sulqflsdo1
Ixuwkhupruh/ hfrqrplhv zlwk vwulfwo| vxe0dgglwlyh frvwv h{klelwv pxowlsoh htxloleuld
lq shuirupdqfh vwdqgdugv dw hdfk |/ dqg dq| vhtxhqfh ri vhohfwlrqv iurp wkhvh jhq0
hudwhv vwdwlrqdu| sdwkv ri htxloleuld1 Wkh orfxv ri vwdjh jdph htxloleuld ghqhv d
+vwdwlrqdu|, xwlolw|0srvvlelolw| iurqwlhu vxemhfw wr djhqf| frqvwudlqwv dv iroorzv=
XS ’ iE|c 2| G E|c 2| ’ q-cE|  Rq-c2E2|  E Rq-j
Dq lqfuhdvh lq uhvrxufh dydlodelolw| vkliwv wkh xwlolw| iurqwlhu rxw1 Wklv lv ehfdxvh -
udlvhv wkh ydoxh ri ehlqj dssrlqwhg dw hdfk |/ dqg wkh sulqflsdov fdq iru wklv uhdvrq
ghpdqg pruh ri wkhlu djhqw1 D vlplodu dujxphqw krogv iru wkh glvfrxqw idfwru q=
dq lqfuhdvh lq q vkliwv wkh iurqwlhu rxw ehfdxvh wkh sulqflsdov fdq ghpdqg pruh ri
d pruh iduvljkwhg djhqw1 Wkh htxloleulxp doorfdwlrqv rq wkh xwlolw| iurqwlhu fdqqrw
eh Sduhwr udqnhg1 Wkh frvw ixqfwlrq lqfuhdvhv lq erwk dujxphqwv/ vr wkdw d pryh
iurp rqh htxloleulxp wr dqrwkhu pxvw pdnh rqh sulqflsdo zruvh r1 Wkh iurqwlhu XS
wkxv ghvfulehv wkh wudgh0r ehwzhhq sulqflsdov1 Lw lv srvvleoh wr vhohfw htxloleuld/ ri
frxuvh/ e| fkrrvlqj rqh wkdw pd{lpl}hv d zhljkwhg vxp ri xwlolwlhv/ ru dq| rwkhu vrfldo
zhoiduh ixqfwlrq1 Fruroodu| 5 vkrzv wkdw htxloleulxp xwlolw| doorfdwlrq lv xqltxh dqg
htxdo wr ~|c 2|@~
3

dRq-o/3
2
dE  Rq-o zkhq wkh frvw ixqfwlrq lv dgglwlyh/
dqg dq| htxloleulxp doorfdwlrq zkdw dulvhv zlwk vxe0dgglwlyh frvwv +zhdno|, Sduhwr
grplqdwhv wklv doorfdwlrq1
Wkh qh{w sursrvlwlrq vkrzv krz wkh vxusoxv lv glvwulexwhg zkhq wkh frvw ixqfwlrq
lv vxshu0dgglwlyh1
Sursrvlwlrq 5 +Vxshu0dgglwlyh Frvwv, Vxssrvh wkdw f lv d vhtxhqfh ri vwdwlrq0
du| shuirupdqfh vwdqgdugv wkdw vdwlvhv frqglwlrq E531 Wkhq f pxvw vdwlvi|
E53

 E%c %2E n w E% ’ w-
E53
2
 E%c %2E n # 2E%2 ’ #-
zkhuh w ’ E3Rq
3q
dqg # ’ Rq
3q
1 Wkh djhqw uhfhlyhv sd|rv - E%c %2 : E q-
hyhu| shulrg1
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Surri= Wkh ydoxh ri dssrlqwphqw vwduwlqj iurp dq| shulrg | lv
Tf| ’ 4@ dTf|Efc Tf|Efc Tf|Ec Tf|Effo
Zh rewdlq iurp Ohppd 8 wkdw Tf| ’ Tf|E iru doo |1 Lwhudwlyh/ iruzdug vxevwlwxwlrq/
xvlqj htxdwlrq +7,/ |lhogv
Tf| ’
"[
&'f
q&E- E%|n&c %2|n&
Iru vhtxhqfhv ri vwdwlrqdu| vwdqgdugv/ zh jhw
Tf| ’ Tf|n ’
- E%c %2
 q

Vxevwlwxwlqj iru Tf|n ’
-3E%c%2
3q
/ zh jhw wkdw
Tf|E ’ Tf|Ef, E5
3


dqg
Tf|E ’ Tf|Ef, E5
3
2

Ilqdoo|/ Tf| ’
-3E%c%2
3q
iru doo | lpsolhv wkdw wkh djhqw jhwv -E%c %2 shu shulrg1
Wklv lv vwulfwo| juhdwhu wkdq E q- ehfdxvh Tf|E : Tf|Eff e| Ohppd 81
Lq hfrqrplhv zlwk vxshu0dgglwlyh frvwv/ wkh lqglhuhqfh frqglwlrq Tf|E ’
Tf|Ef ’ Tf|Ef ghwhuplqhv krz wkh vxusoxv ri wkh djhqf| lv glylghg ehwzhhq wkh
sulqflsdov dqg wkh djhqw1 Dorqj vwdwlrqdu| htxloleulxp sdwkv/ wkh djhqw uhfhlyhv
-  E%c %2/ dqg wklv lv pruh wkdw kh uhfhlyhv dorqj dq| htxloleulxp sdwk zlwk
vxe0dgglwlyh frvwv1 Lqwxlwlyho|/ vxshu0dgglwlyh frvwv pdnh lw frvwo| iru wkh djhqw wr
lpsohphqw frqvhqvxv rxwfrphv1 Wklv hqdeohv klp wr h{wudfw pruh vxusoxv= wkh sulq0
flsdov kdyh/ fhwhulv sdulexv/ wr orzhu wkhlu vwdqgdugv pruh wr lqvxuh wkdw wkh djhqw lv
zloolqj wr lpsohphqw wkh frqvhqvxv rxwfrph +@| ’ E, udwkhu wkdq rqh ri wkh wzr
sduwlvdq rxwfrphv +@| ’ Ef ru @| ’ Ef,1
Wkh vwdjh0jdph xwlolwlhv ri wkh sulqflsdov +dqg wkh frvw wr wkh djhqw ri surylglqj
wkhvh xwlolwlhv, duh ghwhuplqhg e| frqglwlrqv +53

, dqg +53
2
,1 Wkh qh{w sursrvl0
wlrq vkrzv wkdw wkh xwlolw| doorfdwlrq lv xqltxh xqghu vrph/ idluo| plog/ dgglwlrqdo
dvvxpswlrqv derxw wkh surshuwlhv ri wkh frvw ixqfwlrq1
Sursrvlwlrq 6 +Xqltxhqhvv, Dvvxph wkdw E%|c %2| lv glhuhqwldeoh dqg kdv frq0
wlqxrxv sduwldo ghulydwlyhv1 Li
E(
Y
Y%|Y%2|
: f
wkhq wkhuh h{lvwv d xqltxh xwlolw| doorfdwlrq e% ’ Ee%c e%2 wkdw vdwlvhv frqglwlrqv
E53

 dqg E53
2
 dqg wkh djhqw uhfhlyhv - Ee%c e%2 hyhu| shulrg1
Surri= Frqglwlrqv +, dqg +k, lpso| wkdw wkhuh h{lvwv d xqltxh % ’ 
3

E-
wkdw vroyhv +53

, iru %2 ’ f1 Olnhzlvh/ wkhuh h{lvwv d xqltxh %2 ’ 
3
2
E- wkdw
vroyhv +53
2
, iru % ’ f1 Hydoxdwh +5
3

, dw % ’ f wr jhw wkdw
2E%2E n w ’ w-
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Vlqfh w : f/ wkh vroxwlrq wr wklv htxdwlrq h%2 ’ 32 E wnw- vdwlvhv
EU2 h%2 	 %2
Hydoxdwh +53
2
, dw %2 ’ f wr jhw wkdw
E%E n # ’ #-
Vlqfh # : f/ wkh vroxwlrq wr wklv htxdwlrq h% ’ 3 E #n#- vdwlvhv
EU h% 	 %
Wkh frqglwlrqv ri wkh Lpsolflw Ixqfwlrq Wkhruhp duh vdwlvhg/ vr +53

, dqg +53
2
,
ghqh lpsolflw ixqfwlrqv %2 ’ E% dqg %2 ’ 2E%/ uhvshfwlyho|/ zlwk sduwldo
ghulydwlyhv jlyhq e|
Y

Y%
’
Y
Y%
E%c f E n w
Y
Y%
E%c %2
E n w Y
Y%2
E%c %2
Y
2
Y%
’
E n # Y
Y%
E%c %2
Y
Y%2
Efc %2 E n #
Y
Y%2
E%c %2

Wkh dvvxpswlrq wkdw Y
Y%|Y%2|
: f lpsolhv wkdw Y
Y%
	 f dqg Y2
Y%
	 f1 Wklv dqg +U,
dqg +U2, lpso| wkdw wkhuh h{lvw dw ohdvw rqh % ’ E%c %2 wkdw vdwlvhv frqglwlrqv
+53

, dqg +53
2
,1 D vx!flhqw frqglwlrq iru xqltxhqhvv lv wkdw Y2
Y%
	
Y

Y%
iru doo
+%c %2,5 ?
2
n
1 D vlpsoh pdqlsxodwlrq |lhogv wkdw Y2
Y%
	
Y

Y%
li/ dqg rqo| li
Y
Y%
E%c f

Y
Y%2
Efc %2
Y
Y%2
E%c %2

	
E n w
Y
Y%
E%c %2
Y
Y%2
Efc %2 n #
Y
Y%
E%c f
Y
Y%2
E%c %2
Wkh ohiw0kdqg vlgh lv qhjdwlyh ehfdxvh Y
Y%|Y%2|
: f/ zkloh frqglwlrq +, lpsolhv wkdw
wkh uljkw0kdqg vlgh lv srvlwlyh1
Wkh sursrvlwlrq ghprqvwudwhv wkdw wkhuh h{lvwv d xqltxh +vwdwlrqdu|, xwlolw| do0
orfdwlrq li wkh +vxshu0dgglwlyh, frvw ixqfwlrq lv glhuhqwldeoh dqg lwv furvv sduwldo
ghulydwlyh lv srvlwlyh1 Lpsruwdqwo|/ iru R 5 Efc  erwk sulqflsdov uhfhlyhv srvlwlyh
xwlolw| dorqj wkh vwdwlrqdu| htxloleulxp sdwk1 Wkh doorfdwlrq ri sd|rv ehwzhhq wkh
wzr sulqflsdov/ dqg ehwzhhq wkh wzr sulqflsdov frpelqhg dqg wkh djhqw ghshqgv rq
wkh wkuhh sdudphwhuv ri wkh prgho= R/ - dqg q18 Wkh sdudphwhu R fdswxuhv krz
olnho| lw lv wkdw sulqflsdo  lv ghflvlyh li wkh wzr sulqflsdov glvdjuhh derxw uhdssrlqw0
lqj wkh djhqw1 D kljk ydoxh ri R doorzv sulqflsdo  wr h{wudfw xwlolw| iurp wkh djhqw
dw wkh h{shqvh ri sulqflsdo 21 Wkh pruh olnho| lw lv wkdw sulqflsdo  lv ghflvlyh/ wkh
pruh dwwudfwlyh lw lv iru wkh djhqw wr mrlq xs zlwk klp dorqh1 Dv d frqvhtxhqfh/
sulqflsdo  fdq h{wudfw pruh vxusoxv zkloh wkh sulqflsdo 2 pxvw orzhu klv vwdqgdug
wr dyrlg wkh sduwlvdq rxwfrph1 Dowkrxjk wkh djhqw lv uhdssrlqwhg iru vxuh hyhu|
shulrg/ lw lv lqwhuhvwlqj wr qrwh wkdw klv sd|r lv qrw/ dv lq wkh fdvh ri vxe0dgglwlyh
8
Wkh frpsdudwlyh vwdwlfv duh irupdoo| ghulyhg lq wkh dsshqgl{1
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frvwv/ lqghshqghqw ri jryhuqdqfh xqfhuwdlqw|1 Wklv lv ehfdxvh fkdqjhv lq R dhfw
wkh doorfdwlrq ri xwlolwlhv ehwzhhq wkh wzr sulqflsdov dqg/ frqvhtxhqwo|/ wkh frvw ri
surylglqj wkhvh xwlolwlhv1 Zkhwkhu wkh djhqw zrxog olnh R wr eh kljk ru orz ghshqgv
rq krz idvw wkh pdujlqdo frvw ri surylglqj xwlolw| wr sulqflsdo  lqfuhdvhv uhodwlyh wr
wkdw ri sulqflsdo 21
Dw ohdvw rqh ri wkh sulqflsdov lv ehwwhu r li wkh djhqw ehfrphv pruh sdwlhqw +kljk
q, ru li pruh uhvrxufhv +kljk -, duh pdgh dydlodeoh wr jhqhudwh xwlolw|1 Krzhyhu/ lw lv
qrw lqhylwdeoh wkdw erwk jdlq ghvslwh wkh idfw wkdw wkh djhqw ghyrwhv pruh uhvrxufhv
lq wrwdo wr wkh wdvn ri jhqhudwlqj xwlolwlhv1 Iru h{dpsoh/ li R lv forvh wr rqh/ rqo|
sulqflsdo  zrxog jdlq iurp dq lqfuhdvh lq hlwkhu q ru -> sulqflsdo 2 zrxog eh zruvh
r1
D qdo srlqw wr vwuhvv lv wkdw jryhuqdqfh xqfhuwdlqw| +dv ghqhg e| dvvxpswlrq
8, lv qhfhvvdu| iru frqvhqvxv rxwfrphv wr dulvh lq htxloleulxp1 Wklv lv ghprqvwudwhg
e| wkh qh{w sursrvlwlrq iru wkh h{wuhph fdvh zlwk R ’ 19
Sursrvlwlrq 7 +Qr Xqfhuwdlqw|, Vxssrvh wkdw R ’ 1 Wkh djhqw vdwlvhv hyhu|
shulrg wkh vwdqgdug %| ’ %
WW

vhw e| sulqflsdo  zkhuh
E%
WW

 ’ q-
Sulqflsdo 2 uhfhlyhv qr xwlolw|/ dqg wkh djhqw uhfhlyhv E q- shu shulrg1
Surri= Dvvxph wkdw R ’ 1 Vxssrvh wkdw e% ’ ie%c e%2j zlwk e%2 : f lv d vwdwlrqdu|
htxloleulxp1 Zh vkrz wkdw wklv ohdgv wr d frqwudglfwlrq1 Qrwlfh wkdw
Ee%c e%2 : Ee%c f
e| frqglwlrq +,1 Vlqfh R ’ / wkh djhqw fdq uhgxfh wkh frvw ri jhwwlqj uhdssrlqwhg
zlwkrxw vfduli|lqj klv fkdqfh ri uhdssrlqwphqw e| lpsohphqwlqj ~e%/ f lqvwhdg ri
ie%c e%2j1 Wkxv/ dorqj dq| vwdwlrqdu| htxloleulxp sdwk %2 ’ f1 Wklv lpsolhv wkdw
Tf|Ef ’ Tf|E
dqg wkdw
Tf|Ef ’ Tf|Eff
Sulqflsdo  vhwv % vxfk wkdw Tf|E ’ Tf|Eff zklfk lpsolhv
Ee%c f ’ Ee% ’ q-
dqg wkh djhqw jhwv E q- hdfk shulrg1
Lqwxlwlyho|/ jryhuqdqfh xqfhuwdlqw| +R 5 Efc , olplwv krz pxfk wkh djhqw lv
zloolqj wr gr wr sohdvh rqh sulqflsdo dorqh vlpso| ehfdxvh qhlwkhu ri wkhp fdq rq wkhlu
rzq jxdudqwhh uhdssrlqwphqw1 Li wkhuh lv qr jryhuqdqfh xqfhuwdlqw|/ sursrvlwlrq 7
vkrzv wkdw doo htxloleulxp sdwkv h{klelwv sduwlvdq fkrlfhv dqg wkdw rqo| wkh ghflvlyh
sulqflsdo +sulqflsdo  li R ’ , uhfhlyhv dq| xwlolw|> wkh rwkhu sulqflsdo jhwv qrwklqj1
Wklv lv wuxh hyhq zlwk vxe0dgglwlyh frvwv dv orqj dv wkh frvw ixqfwlrq lv lqfuhdvlqj lq
lwv dujxphqwv1:
9
Wkh fdvh zlwk s @ 3 lv v|pphwulf1
:
Li wkh frvw ixqfwlrq lv qrq0ghfuhdvlqj lq lwv dujxphqwv/ lw lv srvvleoh wkdw wkh djhqw zloo surylgh
vrph xwlolw| wr sulqflsdo 5 hyhq li s @ 4/ exw rqo| ehfdxvh grlqj vr hqdeohv klp wr surylgh xwlolwlhv
wr sulqflsdo 4 dw d orzhu frvw1
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Y1 Glvfxvvlrq dqg Dssolfdwlrqv
Wkhruhp 4 kdv pdq| dssolfdwlrqv/ lqfoxglqj vrph lqwhuhvwlqj srolwlfdo hfrqrp| rqhv1
Vxssrvh wkh sulqflsdov duh wzr jurxsv ri yrwhuv dqg wkh djhqw lv d srolwlfldq wkdw lv
dssrlqwhg wr lpsohphqw srolflhv rq ehkdoi ri wkh hohfwrudwh1; Jryhuqdqfh xqfhu0
wdlqw| dulvhv lq wkh frqwh{w ehfdxvh yrwhuv fdqqrw surplvh wr wxuq rxw lq ixoo irufh
lq hohfwlrqv1 Wklv pdnhv wkh uh0hohfwlrq uhzdug xqfhuwdlq xqohvv wkh srolwlfldq phhwv
wkh ghpdqgv ri doo jurxsv ri yrwhuv e| klv srolf| lpsohphqwdwlrq1 Rxwfrphv ghshqg
rq wkh surshuwlhv ri wkh srolwlfdo frvw ixqfwlrq1 Vxe0dgglwlyh srolwlfdo frvwv dulvh iurp
wkh ixqgdphqwdo uroh ri sxeolf jrrgv1 Lpdjlqh wkdw wkh srolwlfldq zdqwv wr surylgh
xwlolw| wr rqh jurxs ri yrwhuv rqo|1 Kh fdq gr wklv e| pdnlqj wudqvihuv +ru htxlyd0
ohqwo|/ jlylqj wd{0fxwv, wr wklv jurxs1 Li kh zdqwv wr surylgh xwlolw| wr erwk jurxsv/
lw pd| eh fkhdshu wr surylgh xqlyhuvdo sxeolf jrrgv1 Wkh idfw wkdw sxeolf jrrgv fdq
eh xvhg wr surylgh xwlolw| wr hyhu|erg| dw wkh vdph wlph doorzv wkh frvw ixqfwlrq
wr eh vxe0dgglwlyh1 D srolwlfldq zlwk dffhvv wr +oxps vxp, wd{hv dqg vxevlglhv rqo|
zrxog/ lq frqwudvw/ dozd|v idfh dq dgglwlyh frvw ixqfwlrq1 Vxshu0dgglwlyh srolwlfdo
frvwv dulvh ehfdxvh ri h{whuqdolwlhv1 Vxssrvh/ iru h{dpsoh/ wkdw wkh srolwlfldq fdq
surylgh sxeolf vhuylfhv wr vshflf jurxsv ri yrwhuv exw wkdw wkh surgxfwlrq ri wkhvh
vhuylfhv jhqhudwhv srooxwlrq wkdw grhv kdup wr hyhu|erg|1 Wklv zrxog pdnh wkh sr0
olwlfdo frvw ixqfwlrq vxshu0dgglwlyh1 Wkh vdph lv wuxh li orfdo dphqlwlhv surylghg wr
rqh jurxs ri yrwhuv fuhdwh hqy| dprqj rwkhu jurxsv ri yrwhuv1
Wkhruhp 4 fkdudfwhul}hv vhtxhqfhv ri vwdwlrqdu| vxejdph shuihfw Qdvk htxloleuld1
Zh frqmhfwxuh wkdw wkhuh h{lvw htxloleuld vxssruwhg e| qrq0vwdwlrqdu| dqg klvwru|0
ghshqghqw vwudwhjlhv exw ohdyh wklv pdwwhu wr ixuwkhu uhvhdufk1 Lq rxu prgho/ wkh
sulqflsdov duh lqqlwho| olyhg1 Wklv/ krzhyhu/ lv qrw lpsruwdqw iru rxu uhvxowv1 D
vhtxhqfh ri vkruw0olyhg sulqflsdov fdq lpsohphqw wkh vdph xwlolw| doorfdwlrqv1 Zkdw
lv lpsruwdqw lv wkdw wkh djhqw fduhv derxw wkh ixwxuh1
Uhihuhqfhv
Dlgw/ W1V1 dqg Pdjulv/ I1/ 53361 Fdslwdo Wd{dwlrq dqg Hohfwrudo Dffrxqwdelolw|1
Fdpeulgjh Zrunlqj Sdshuv lq Hfrqrplfv 364;/ Xqlyhuvlw| ri Fdpeulgjh/ X1N1
Edqnv/ M1/ dqg U1N1 Vxqgdudp/ 4<<6/ Dgyhuvh vhohfwlrq dqg prudo kd}dug lq d
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